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1
0. Introduction
In the theory of electrorheological fluids, image restoration (see [1, 2, 3]
and the references therein) and mixture of two power-law fluids (see [4]),
the p(x)-Laplace operator, defined as ∆p(x)u(x) := div
(
|∇u(x)|p(x)−2∇u
)
,
plays an important role. After simplifications, those problems are reduced to
study differential equations involving the p(x)-Laplace operator. For prob-
lems involving different growth rates depending on the underlying domains,
they also involve equations with (p(x), q(x))− growth conditions where sev-
eral p(x)−Laplace operators involved, interacting with one another. This
(p(x), q(x))−growth condition is a natural generalization of the anisotropic
(p,q) growth condition in electrorheological fluids (see [5, 6, 7]). With the de-
velopment of the theory on variable exponent Lebesgue and Sobolev spaces,
lots of mathematical works have appeared and there are many interesting
applications in fluids and electrorheological fluids (see the recent monograph
[4] and references) in the Orlicz-type spaces framework.
Driven by the above mentioned physical models and potential further
applications, the study of differential equations involving p(x)-Laplace op-
erators has been a very interesting and exciting topic in recent years (see
in particular these nice references [8, 9, 4, 5, 6, 7]). As we will see in the
following parts of the paper, for problems involving nonstandard growth con-
ditions, the growth conditions are crucial for the solvability of the problems
and closely related to the space structures under which we seek solutions.
During the development of last several decades, it turns out that the use of
variational methods in dealing with these problems is a far-reaching field.
Many results have been obtained on this kind of problems, for example
[10, 11, 12, 13, 14, 15, 16, 17] and so on.
In this paper, continuing our former investigations on these topics (see
[10, 11, 12, 15, 16, 17, 18, 19, 20]) and functional properties of (p1(x), p2(x))-
Laplace operators (see [16]), we study the following (p1(x), p2(x))-Laplace
Neumann boundary value problem
(P )
{
−∆p1(x)u−∆p2(x)u+ |u|
p1(x)−2u+ |u|p2(x)−2u = λf(x, u), in Ω;
|∇u|p1(x)−2 ∂u
∂ν
+ |∇u|p2(x)−2 ∂u
∂ν
= µg(x, u), on ∂Ω,
where Ω ⊂ RN is a bounded smooth domain and pi(x) ∈ C(Ω) with pi(x) > 1
for any x ∈ Ω and for i = 1, 2; λ, µ ∈ R such that λ2 + µ2 6= 0.
By variational arguments, we show among others that the problem ad-
mits mountain pass solution, fountain solutions and dual fountain solutions
with appropriate energy behavior when multiple solutions exist. To deal
with the boundary nonlinear term, we shall use the trace embedding the-
orem for our working space; To deal with the nonlinear non-homogeneous
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(p1(x), p2(x))−Laplace operator and to show the functionals involved in our
problems verifies compactness conditions of (PS) type, we shall use the prop-
erties that the corresponding nonlinear function of these operator induces
homeomorphism between space pairs and admits Frechet derivative of type
(S+) proved in our former work. In particular, different to the use of foun-
tain theorem, we need to show (PS∗c )-type compactness conditions the proof
of which is subtle in order to apply the dual fountain theorem. See section 3
for the assumptions and statements of results.
This paper is organized as follows. We begin by recalling the definitions
of the variable exponent Lebesgue-Sobolev spaces which can be regarded
as a special class of generalized Orlicz-Sobolev spaces and introduce some
basic properties of these spaces. For the convenience of the readers and to
make preparation for the proof in Section 3, we give some properties of the
(p1(x), p2(x))-Laplace operator, the corresponding integral functional, and
related boundary imbedding theorem in Section 2; In Section 3, we state our
assumptions precisely and show the existence of weak solutions to problem
(P ) by variational arguments.
1. The spaces W 1,p(x)(Ω)
In this section, we will give out some theories on spaces W 1,p(x)(Ω) which
we call generalized Lebesgue-Sobolev spaces. Firstly we state some basic
properties of spaces W 1,p(x)(Ω) which will be used later (for details see [21,
18, 19, 8] and the references therein).
We write
C+(Ω) = {h|h ∈ C(Ω), h(x) > 1 for any x ∈ Ω},
h+ = max
Ω
h(x), h− = min
Ω
h(x) for any h ∈ C(Ω),
Lp(x)(Ω) = {u|u is a measurable real-valued function,
∫
Ω
|u(x)|p(x)dx <∞}.
The linear vector space Lp(x)(Ω) can be equipped by the following norm
|u|p(x) = |u|Lp(x)(Ω) := inf
{
λ > 0
∣∣∣∣
∫
Ω
∣∣∣∣u(x)λ
∣∣∣∣
p(x)
dx ≤ 1
}
,
then (Lp(x), | · |p(x)) becomes a Banach space and we call it variable exponent
Lebesgue space.
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In the following we shall collect some basic propositions concerning the
variable exponent Lebesgue spaces. These propositions will be used through-
out our analysis.
Proposition 1.1 (see Fan and Zhao [21] and Zhao et al. [18]). (i) The
space (Lp(x), | · |p(x)) is a separable, uniform convex Banach space, and its
conjugate space is Lq(x)(Ω), where 1
p(x)
+ 1
q(x)
= 1. For any u ∈ Lp(x) and
v ∈ Lq(x), we have ∣∣∣∣
∫
Ω
uvdx
∣∣∣∣ ≤ ( 1p− + 1q− )|u|p(x)|v|q(x).
(ii) If p1, p2 ∈ C+(Ω), p1(x) ≤ p2(x) for any x ∈ Ω, then L
p2(x)(Ω) →֒
Lp1(x)(Ω), and the imbedding is continuous.
Proposition 1.2 (see Fan and Zhao [21] and Zhao et al. [19]). If f :
Ω× R→ R is a Caratheodory function and satisfies
|f(x, s)| ≤ a(x) + b|s|
p1(x)
p2(x) for any x ∈ Ω, s ∈ R,
where p1, p2 ∈ C+(Ω), a(x) ∈ L
p2(x)(Ω), a(x) ≥ 0 and b ≥ 0 is a con-
stant, then the Nemytsky operator from Lp1(x)(Ω) to Lp2(x)(Ω) defined by
(Nf (u))(x) = f(x, u(x)) is a continuous and bounded operator.
Proposition 1.3 (see Fan and Zhao [21] and Zhao et al. [18]). If we denote
ρ(u) =
∫
Ω
|u|p(x)dx, ∀u ∈ Lp(x)(Ω),
then
(i) |u|p(x) < 1(= 1;> 1)⇔ ρ(u) < 1(= 1;> 1);
(ii) |u|p(x) > 1 ⇒ |u|
p−
p(x) ≤ ρ(u) ≤ |u|
p+
p(x); |u|p(x) < 1 ⇒ |u|
p−
p(x) ≥ ρ(u) ≥
|u|p
+
p(x);
(iii) |u|p(x) → 0⇔ ρ(u)→ 0; |u|p(x) →∞⇔ ρ(u)→∞.
Proposition 1.4 (see Fan and Zhao [21] and Zhao et al. [18]). If u, un ∈
Lp(x)(Ω), n = 1, 2, ..., then the following statements are equivalent to each
other:
(1) limk→∞|uk − u|p(x) = 0;
(2) limk→∞ρ(uk − u) = 0;
(3) uk → u in measure in Ω and limk→∞ρ(uk) = ρ(u).
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The variable exponent Sobolev space W 1,p(x)(Ω) is defined by
W 1,p(x)(Ω) = {u ∈ Lp(x)(Ω)||∇u| ∈ Lp(x)(Ω)}
and it is equipped with the norm
‖u‖p(x) = |u|p(x) + |∇u|p(x), ∀u ∈ W
1,p(x)(Ω).
If we denote
p∗(x) =
{
Np(x)
N−p(x)
, p(x) < N ;
∞, p(x) ≥ N.
We have the following
Proposition 1.5 (see Fan and Zhao [21]). (i) W 1,p(x)(Ω) is a separable
reflexive Banach space;
(ii) If q ∈ C+(Ω) and q(x) < p
∗(x) for any x ∈ Ω, then the embedding from
W 1,p(x)(Ω) to Lq(x)(Ω) is compact and continuous.
Proposition 1.6 (see Yao [17]). If we denote
p∗(x) =
{
(N−1)p(x)
N−p(x)
, p(x) < N ;
∞, p(x) ≥ N,
then the embedding from W 1,p(x)(Ω) to Lq(x)(∂Ω) is compact and continuous,
where q(x) ∈ C+(∂Ω) and q(x) < p∗(x), ∀x ∈ ∂Ω.
2. Properties of (p1(x), p2(x))-Laplace operator
In this section we give the properties of the (p1(x), p2(x))-Laplace operator
(−∆p1(x) −∆p2(x))u := −div(|∇u|
p1(x)−2∇u)− div(|∇u|p2(x)−2∇u). Consider
the following functional,
J(u) =
∫
Ω
1
p1(x)
(|∇u|p1(x) + |u|p1(x))dx+
∫
Ω
1
p2(x)
(|∇u|p2(x) + |u|p2(x))dx, ∀u ∈ X,
where X := W 1,p1(x)(Ω)∩W 1,p2(x)(Ω) with its norm given by ‖u‖ := ‖u‖p1(x)+
‖u‖p2(x), ∀u ∈ X .
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It is obvious that J ∈ C1(X,R) (see [22]), and the (p1(x), p2(x))-Laplace
operator is the derivative operator of J in the weak sense. Denote L = J ′ :
X → X∗,
〈L(u), v〉 =
∫
Ω
(|∇u|p1(x)−2∇u∇v + |u|p1(x)−2uv)dx
+
∫
Ω
(|∇u|p2(x)−2∇u∇v + |u|p2(x)−2uv)dx, ∀u, v ∈ X,
in which 〈·, ·〉 is the dual pair between X and its dual X∗.
Remark 2.1. (X, ‖ · ‖) is a separable reflexive Banach space.
Similar to [20], we can deduce that
Theorem 2.2. (i) L : X → X∗ is a continuous, bounded and strictly
monotone operator;
(ii) L is a mapping of type (S+), namely: if un ⇀ u inX and limn→∞〈L(un)−
L(u), un − u〉 ≤ 0, then un → u in X;
(iii) L : X → X∗ is a homeomorphism.
3. Solutions to the equation
In this section we will give the existence results of weak solutions to problem
(P ). We denote
pM(x) = max{p1(x), p2(x)}, pm(x) = min{p1(x), p2(x)}, ∀x ∈ Ω.
It is easy to see that pM(x), pm(x) ∈ C+(Ω).
Lemma 3.1. (i) For q(x) ∈ C+(Ω) such that q(x) < p
∗
M(x) for any x ∈ Ω,
we have X := W 1,p1(x)(Ω) ∩W 1,p2(x)(Ω) = W 1,pM(x)(Ω) →֒ Lq(x)(Ω), and the
embedding is continuous and compact;
(ii) For r(x) ∈ C+(∂Ω) such that r(x) < pM∗(x) for any x ∈ ∂Ω, we have
X := W 1,p1(x)(Ω) ∩W 1,p2(x)(Ω) = W 1,pM(x)(Ω) →֒ Lr(x)(∂Ω), and the embed-
ding is continuous and compact.
Proof. From X := W 1,p1(x)(Ω)∩W 1,p2(x)(Ω) = W 1,pM(x)(Ω)∩W 1,pm(x)(Ω) =
W 1,pM (x)(Ω) we can get the conclusion by Proposition 1.5 and Proposition
1.6. 
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To proceed, we give the definition of weak solution to Problem (P ):
Definition 3.2. We say that u ∈ X is a weak solution of (P ) if the following
equality ∫
Ω
(|∇u|p1(x)−2∇u∇v + |u|p1(x)−2uv)dx
+
∫
Ω
(|∇u|p2(x)−2∇u∇v + |u|p2(x)−2uv)dx =∫
Ω
λf(x, u)vdx+
∫
∂Ω
µg(x, u)vdσ
holds for for any v ∈ X := W 1,p1(x)(Ω)∩W 1,p2(x)(Ω), where dσ is the surface
measure on ∂Ω.
We denote the functional ϕ : X → R by
ϕ(u) :=
∫
Ω
1
p1(x)
(|∇u|p1(x) + |u|p1(x))dx+
∫
Ω
1
p2(x)
(|∇u|p2(x) + |u|p2(x))dx
−
∫
Ω
λF (x, u)dx−
∫
∂Ω
µG(x, u)dσ, ∀u ∈ X,
where F (x, t) =
∫ t
0
f(x, s)ds, and G(x, t) =
∫ t
0
g(x, s)ds. Next, we state the
assumptions on f and g:
(f0) f : Ω× R→ R satisfies the Caratheodory condition and there exist two
constants C1 ≥ 0, C2 > 0 such that:
|f(x, t)| ≤ C1 + C2|t|
α(x)−1, ∀(x, t) ∈ Ω× R,
where α(x) ∈ C+(Ω) and α(x) < p
∗
M(x), ∀x ∈ Ω.
(f1) There exists constants M1 > 0, θ1 > p
+
M such that:
0 < θ1F (x, t) ≤ f(x, t)t, |t| ≥M1, ∀x ∈ Ω.
(f2) f(x, t) = o(|t|
p+
M
−1), t→ 0 for x ∈ Ω uniformly.
(f3) f(x,−t) = −f(x, t), ∀x ∈ Ω, t ∈ R.
(g0) g : ∂Ω × R → R satisfies the Caratheodory condition and there exist
two constants C ′1 ≥ 0, C
′
2 > 0 such that:
|g(x, t)| ≤ C ′1 + C
′
2|t|
β(x)−1, ∀(x, t) ∈ ∂Ω× R,
where β(x) ∈ C+(∂Ω) and β(x) < pM∗(x), ∀x ∈ ∂Ω.
(g1) There exists a constant M2 > 0, θ2 > p
+
M such that:
0 < θ2G(x, t) ≤ g(x, t)t, |t| ≥M2, ∀x ∈ ∂Ω.
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(g2) g(x, t) = o(|t|
p+
M
−1), t→ 0 for x ∈ ∂Ω uniformly.
(g3) g(x,−t) = −g(x, t), ∀x ∈ ∂Ω, t ∈ R.
Under the assumptions (f0) and (g0) the functional ϕ defined before is of
class C1(X,R), and
〈ϕ(u), v〉 =
∫
Ω
(|∇u|p1(x)−2∇u∇v + |u|p1(x)−2uv)dx
+
∫
Ω
(|∇u|p2(x)−2∇u∇v + |u|p2(x)−2uv)dx,
−
∫
Ω
λf(x, u)vdx−
∫
∂Ω
µg(x, u)vdσ, ∀u, v ∈ X.
Therefore, the weak solution of (P ) is exactly the critical point of ϕ. More-
over, ϕ is even if f and g are both odd with respect to the second argument
respectively.
Theorem 3.3. If (f0) and (g0) hold and α
+, β+ < p−m, then (P ) has a
weak solution.
Proof. By Conditions (f0) and (g0) we get |F (x, t)| ≤ C(1 + |t|
α(x)), (x, t) ∈
Ω×R and |G(x, t)| ≤ C(1+ |t|β(x)), (x, t) ∈ ∂Ω×R. And for ‖u‖ big enough,
we have
ϕ(u) =
∫
Ω
1
p1(x)
(|∇u|p1(x) + |u|p1(x))dx+
∫
Ω
1
p2(x)
(|∇u|p2(x) + |u|p2(x))dx−∫
Ω
λF (x, u)dx−
∫
∂Ω
µG(x, u)dσ
≥
1
p+M
(‖un‖
p−1
p1(x)
+ ‖un‖
p−2
p2(x)
)− C|λ|
∫
Ω
|u|α(x)dx− C|µ|
∫
∂Ω
|u|β(x)dσ − C3
≥
C4
p+M
‖u‖p
−
m − C|λ|‖u‖α
+
− C|µ|‖u‖β
+
− C3 →∞, as ‖u‖ → ∞.
So ϕ is coercive. In view that ϕ is also weakly lower semicontinuous, we
see that ϕ has a global minimum point u ∈ X , which is a weak solution to
Problem (P ). We now complete the proof. 
Definition 3.4. We say that the function ϕ ∈ C1(X,R) satisfies the Palais-
Smale (PS) condition in X if any sequence {un} ∈ X such that
|ϕ(un)| ≤ B, for some B ∈ R;
ϕ′(un)→ 0 in X
∗ as n→∞
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has a convergent subsequence.
Lemma 3.5. If (f0),(f1),(g0),(g1) hold and λ, µ ≥ 0, then ϕ satisfies
(PS) condition.
Proof. Suppose that {un} ⊂ X , {ϕ(un)} is bounded and ‖ϕ
′(un)‖ → 0. De-
note Φ(u) = −λ
∫
Ω
F (x, u)dx and Ψ(u) = −µ
∫
∂Ω
G(x, u)dσ, they are both
weakly continuous and their derivative operators are compact. By Lemma
3.1, we deduce that ϕ′ = L + Φ′ + Ψ′ is also of type (S+). We only need to
verify that {un} is bounded. For ‖u‖ big enough, we have
C ≥ ϕ(un) =
∫
Ω
1
p1(x)
(|∇u|p1(x) + |u|p1(x))dx+
∫
Ω
1
p2(x)
(|∇u|p2(x) + |u|p2(x))dx
−
∫
Ω
λF (x, u)dx−
∫
∂Ω
µG(x, u)dσ
≥
∫
Ω
1
p1(x)
(|∇u|p1(x) + |u|p1(x))dx+
∫
Ω
1
p2(x)
(|∇u|p2(x) + |u|p2(x))dx
−
∫
Ω
un
θ
λf(x, un)dx−
∫
∂Ω
un
θ
µg(x, un)dσ − c
≥
∫
Ω
(
1
p1(x)
−
1
θ
)(|∇u|p1(x) + |u|p1(x))dx+
∫
Ω
(
1
p2(x)
−
1
θ
)(|∇u|p2(x) + |u|p2(x))dx
+
1
θ
( ∫
Ω
(|∇un|
p1(x) + |un|
p1(x) + |∇un|
p2(x) + |un|
p2(x))dx−
∫
Ω
λf(x, un)undx−
∫
∂Ω
µg(x, un)undσ
)
− c
≥ (
1
p+M
−
1
θ
)(‖un‖
p−1
p1(x)
+ ‖un‖
p−2
p2(x)
) +
1
θ
( ∫
Ω
(|∇un|
p1(x) + |un|
p1(x) + |∇un|
p2(x) + |un|
p2(x))dx
−
∫
Ω
λf(x, un)undx−
∫
∂Ω
µg(x, un)undσ
)
− c
≥ C4(
1
p+M
−
1
θ
)‖un‖
p−m −
1
θ
‖ϕ′(un)‖‖un‖ − c,
in which θ = min{θ1, θ2}. The above inequality implies {un} is bounded in
X . Finally we get that ϕ satisfies (PS) condition. 
Theorem 3.6. If (f0), (f1), (f2), (g0), (g1), (g2) hold; α−, β− > p
+
M and
λ, µ ≥ 0 such that λ2 + µ2 6= 0, then (P ) has a nontrivial solution.
Proof. We shall show that ϕ satisfies conditions of Mountain Pass The-
orem.
(i) From Lemma 3.5, ϕ satisfies (PS) condition in X . Since p+ < α− ≤
α(x) < p∗(x), p+ < β− ≤ β(x) < p∗(x), these imply X →֒→֒ Lp
+
M (Ω),
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X →֒→֒ Lp
+
M (∂Ω), i.e. there exists C0 > 0 such that
|u|
L
p
+
M (Ω)
≤ C0‖u‖, ∀u ∈ X, |u|
L
p
+
M (∂Ω)
≤ C0‖u‖, ∀u ∈ X.
Let ǫ > 0 be small enough such that ǫC
p+
M
0 (λ+µ) ≤
C5
2p+
M
. By the assumptions
(f0), (f2) and (g0), (g2), we have
F (x, t) ≤ ǫ|t|p
+
M + C(ǫ)|t|α(x), ∀(x, t) ∈ Ω× R;
G(x, t) ≤ ǫ|t|p
+
M + C(ǫ)|t|β(x), ∀(x, t) ∈ ∂Ω× R.
For ‖u‖ ≤ 1 we have the following
ϕ(u) =
∫
Ω
1
p1(x)
(|∇u|p1(x) + |u|p1(x))dx+
∫
Ω
1
p2(x)
(|∇u|p2(x) + |u|p2(x))dx
−
∫
Ω
λF (x, u)dx−
∫
∂Ω
µG(x, u)dσ
≥
1
p+M
(‖u‖
p+1
p1(x)
+ ‖u‖
p+2
p2(x)
)− λǫ
∫
Ω
|u|p
+
Mdx− λC(ǫ)
∫
Ω
|u|α(x)dx
− µǫ
∫
∂Ω
|u|p
+
Mdσ − µC(ǫ)
∫
∂Ω
|u|β(x)dσ
≥
C5
p+M
‖u‖p
+
M − (λ+ µ)ǫC
p+
M
0 ‖u‖
p+
M − C(ǫ)(λ‖u‖α
−
+ µ‖u‖β
−
)
≥
C5
2p+M
‖u‖p
+
M − C(ǫ)(λ‖u‖α
−
+ µ‖u‖β
−
),
which implies the existence of r ∈ (0, 1) and δ > 0 such that ϕ(u) ≥ δ > 0
for every u ∈ X satisfies ‖u‖ = r.
(ii) From (f1) and (g1) we see
F (x, t) ≥ C|t|θ1, ∀x ∈ Ω, t ≥M,
G(x, t) ≥ C|t|θ2, ∀x ∈ ∂Ω, t ≥M.
For any fixed w ∈ X\{0}, and t > 1, we have
ϕ(tw) =
∫
Ω
1
p1(x)
(|∇tw|p1(x) + |tw|p1(x))dx+
∫
Ω
1
p2(x)
(|∇tw|p2(x) + |u|p2(x))dx
−
∫
Ω
λF (x, tw)dx−
∫
∂Ω
µG(x, tw)dσ
≤ tp
+
M (
∫
Ω
1
p1(x)
(|∇w|p1(x) + |w|p1(x))dx+
∫
Ω
1
p2(x)
(|∇w|p2(x) + |w|p2(x))dx)
− Cλtθ1
∫
Ω
|w|θ1dx− Cµtθ2
∫
∂Ω
|w|θ2dx− C6
→ −∞ as t→ +∞, since θ1, θ2 > p
+
M .
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(iii) It is obvious ϕ(0) = 0 by (f2) and (g2).
From (i), (ii) and (iii), we conclude ϕ satisfies the conditions of Mountain
Pass Theorem (see [22]). So ϕ admits at least one nontrivial critical point. 
Theorem 3.7. If (f0), (f1), (f3), (g0), (g1), (g3) hold and max{α
+, β+} >
p+M ; λ, µ > 0, then ϕ has a sequence of critical points {un} such that ϕ(un)→
+∞ and (P ) has infinite many pairs of solutions.
Because X is a reflexive and separable Banach space, there are {ej} ⊂ X
and {e∗j} ⊂ X
∗ such that
X = span{ej|j = 1, 2, ...}, X
∗ = span{e∗j |j = 1, 2, ...}
and
〈e∗i , ej〉 =
{
1, i = j;
0, i 6= j.
Denote Xj = span{ej}, Yk = ⊕
k
j=1Xj , Zk = ⊕
∞
j=kXj .
Lemma 3.8. If α ∈ C+(Ω), α(x) < p
∗
M(x) for any x ∈ Ω; and β ∈
C+(∂Ω), β(x) < pM∗(x) for any x ∈ ∂Ω, denote
αk = sup{|u|Lα(x)(Ω)|‖u‖ = 1, u ∈ Zk},
βk = sup{|u|Lβ(x)(∂Ω)|‖u‖ = 1, u ∈ Zk}.
Then limk→∞αk = 0, limk→∞βk = 0.
Proof. For 0 < αk+1 ≤ αk, then αk → α ≥ 0. Suppose uk ∈ Zk satisfy
‖uk‖ = 1, 0 ≤ αk − |uk|α(x) <
1
k
,
then we may assume up a subsequence that uk ⇀ u in X , and
〈e∗j , u〉 = limk→∞〈e
∗
j , uk〉 = 0, j = 1, 2, ...,
in which the last equal sign holds for uk ∈ Zk. The above equality implies
that u = 0, so uk ⇀ 0 in X . Since the imbedding from X to L
α(x)(Ω) is
compact, we have uk → 0 in L
α(x)(Ω). We finally get αk → 0. The result for
βk can be obtained by the same procedure. 
Proof of Theorem 3.7. By (f1), (f3), (g1), (g3) ϕ is an even functional and
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satisfies (PS) condition. We only need to prove that if k is large enough,
then there exist ρk > γk > 0 such that
(A1) bk := inf{ϕ(u)|u ∈ Zk, ‖u‖ = γk} → ∞, (k →∞);
(A2) ak := max{ϕ(u)|u ∈ Yk, ‖u‖ = ρk} ≤ 0,
then the conclusion of Theorem 3.7 can be obtained by Fountain Theorem
(see [23]) and Lemma 3.5.
(A1) For any u ∈ Zk with ‖u‖ is big enough, we have
ϕ(u) =
∫
Ω
1
p1(x)
(|∇u|p1(x) + |u|p1(x))dx+
∫
Ω
1
p2(x)
(|∇u|p2(x) + |u|p2(x))dx
−
∫
Ω
λF (x, u)dx−
∫
∂Ω
µG(x, u)dσ
≥
1
p+M
(‖u‖
p−1
p1(x)
+ ‖u‖
p−2
p2(x)
)− cλ
∫
Ω
|u|α(x)dx− cµ
∫
∂Ω
|u|β(x)dσ − c1
≥
C4
p+M
‖u‖p
−
m − cλ|u|
α(ξ)
Lα(x)(Ω)
− cµ|u|
β(η)
Lβ(x)(∂Ω)
− c2, where ξ ∈ Ω, η ∈ ∂Ω
≥


C4
p+
M
‖u‖p
−
m − c− c2, if |u|α(x) ≤ 1, |u|β(x) ≤ 1;
C4
p+
M
‖u‖p
−
m − cαα
+
k ‖u‖
α+ − c′2, if |u|α(x) > 1, |u|β(x) ≤ 1;
C4
p+
M
‖u‖p
−
m − cββ
+
k ‖u‖
β+ − c′′2, if |u|α(x) ≤ 1, |u|β(x) > 1;
C4
p+
M
‖u‖p
−
m − cαα
+
k ‖u‖
α+ − cββ
+
k ‖u‖
β+ − c2, if |u|α(x) > 1, |u|β(x) > 1;
≥
C4
p+M
‖u‖p
−
m − cαα
+
k ‖u‖
α+ − cββ
+
k ‖u‖
β+ − c3
= C4(
1
p+M
‖u‖p
−
m − c′αα
+
k ‖u‖
α+ − c′ββ
+
k ‖u‖
β+)− c3
≥ C4(
1
p+M
‖u‖p
−
m − c′′ζζ
+
k ‖u‖
ζ+)− c3,
in which ζ+ = max{α+, β+}, ζk = max{αk, βk}. Set ‖u‖ = γk = (c
′′ζ+ζ
ζ+
k )
1
p
−
m−ζ
+ .
Because ζk → 0 and p
−
m ≤ p
+
M < ζ
+, we have
ϕ(u) ≥ C4(
1
p+M
‖u‖p
−
m − c′′ζζ
+
k ‖u‖
ζ+)− c3
= C4(
1
p+M
(c′′ζ+ζζ
+
k )
p
−
m
p
−
m−ζ
+ − c′′ζα
+
k (c
′′ζ+ζ
ζ+
k )
ζ+
p
−
m−ζ
+ )− c3
= C4(
1
p+M
−
1
ζ+
)(c′′ζ+ζζ
+
k )
p
−
m
p
−
m−ζ
+ − c3 →∞, as k →∞.
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(A2) From (f1), we get
F (x, t) ≥ c1|t|
θ1 − c2, ∀(x, t) ∈ Ω× R;
G(x, t) ≥ c1|t|
θ2 − c2, ∀(x, t) ∈ ∂Ω × R.
Because θ1 > p
+
M and dimYk = k <∞ (all norms are equivalent in Yk), it is
easy to get ϕ(u)→ −∞ as ‖u‖ → ∞ for u ∈ Yk. 
Theorem 3.9. Let α(x) ∈ C+(Ω), β ∈ C+(∂Ω) and α(x) < p
∗(x), ∀x ∈ Ω;
β(x) < pM∗(x), ∀x ∈ ∂Ω. If f(x, t) = |t|
α(x)−2t, g(x, t) = |t|β(x)−2t, α− > p+M ,
β+ < p−m, then we have
(i) For every λ > 0, µ ∈ R, (P ) has a sequence of weak solutions {±uk} such
that ϕ(±uk)→∞, k →∞;
(ii) For every µ > 0, λ ∈ R, (P ) has a sequence of weak solutions {±vk}
such that ϕ(±vk) < 0, and ϕ(±vk)→ 0, k →∞.
Proof. (i) The proof is similar to that of Theorem 3.7 if we use the Fountain
Theorem, we only verify (PS) condition here. We only need to verify the
(PS) sequence {un} is bounded in X as in Lemma 3.5. We assume
{un} ⊂ X,ϕ(un) ≤M,ϕ
′(un)→ 0, as n→∞.
For ‖un‖ big enough,
C ≥ ϕ(un) = [
∫
Ω
1
p1(x)
(|∇un|
p1(x) + |un|
p1(x))dx+
∫
Ω
1
p2(x)
(|∇un|
p2(x) + |un|
p2(x))dx
− λ
∫
Ω
1
α(x)
|un|
α(x)dx− µ
∫
∂Ω
1
β(x)
|un|
β(x)dσ]
−
1
α−
[
∫
Ω
(|∇un|
p1(x) + |un|
p1(x))dx+
∫
Ω
(|∇un|
p2(x) + |un|
p2(x))dx
− λ
∫
Ω
|un|
α(x)dx− µ
∫
∂Ω
|un|
β(x)dσ] +
1
α−
〈ϕ′(un), un〉
≥ (
1
p+M
−
1
α−
)(‖un‖
p−1
p1(x)
+ ‖un‖
p−2
p2(x)
)− C‖un‖
β+ −
1
α−
‖ϕ′(un)‖X∗‖un‖
≥ C4(
1
p+M
−
1
α−
)‖un‖
p−m − C‖un‖
β+ −
1
α−
‖un‖.
Since α− > p+m, β
+ < p−m, we have {un} is bounded in X .
(ii) We use the Dual Fountain Theorem (see [23]) to prove (ii), i.e. we have
to prove that ϕ satisfies the (PS)∗c condition and there exist ρk > rk > 0
such that for large k,
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(B1) ak := inf{ϕ(u)|u ∈ Zk, ‖u‖ = ρk} ≥ 0;
(B2) bk := max{ϕ(u)|u ∈ Yk, ‖u‖ = rk} < 0;
(B3) dk := inf{ϕ(u)|u ∈ Zk, ‖u‖ ≤ ρk} → 0, k →∞.
We will do this step by step:
(B2) For u ∈ Yk, ‖u‖ small enough,
ϕ(u) =
∫
Ω
1
p1(x)
(|∇u|p1(x) + |u|p1(x))dx+
∫
Ω
1
p2(x)
(|∇u|p2(x) + |u|p2(x))dx
− λ
∫
Ω
1
α(x)
|u|α(x)dx− µ
∫
∂Ω
1
β(x)
|u|β(x)dσ
≤
C6
p−m
‖u‖p
−
+
|λ|
α−
∫
Ω
|u|α(x)dx−
µ
β+
∫
∂Ω
|u|β(x)dσ.
Since dimYk < ∞ and p
−
m > β
+, α− > p+M > β
+, if we choose rk small
enough, bk < 0.
(B1) For u ∈ Zk, ‖u‖ small,
ϕ(u) ≥
C5
p+M
‖u‖p
+
M −
C|λ|
α−
‖u‖α
−
−
µ
β−
∫
∂Ω
|u|β(x)dσ
≥
C5
p+M
‖u‖p
+
M −
C|λ|
α−
‖u‖α
−
−
µ
β−
max{|u|β
+
Lβ(x)(∂Ω)
, |u|β
−
Lβ(x)(∂Ω)
}.
Since α− > p+M , there exists ρ0 small enough such that
C|λ|
α−
‖u‖α
−
≤ C5
2p+
M
for
any u : 0 < ‖u‖ ≤ ρ0. Then
ϕ(u) ≥
C5
2p+M
‖u‖p
+
M −
µ
β−
max{|u|β
+
Lβ(x)(∂Ω)
, |u|β
−
Lβ(x)(∂Ω)
}
≥
C5
2p+M
‖u‖p
+
M −
µ
β−
max{ββ
−
k ‖u‖
β−, β
β+
k ‖u‖
β+}
≥
C5
2p+M
‖u‖p
+
M −
µ
β−
β
β−
k ‖u‖
β−.
Choose ρk = (
2p+
M
µβ
β−
k
C5β−
)
1
p
+
M
−β− , then
ϕ(u) ≥
C5
2p+M
ρ
p+
M
k −
C5
2p+M
ρ
p+
M
k = 0.
From p−m > β
+, βk → 0, we know that ρk → 0 as k →∞.
(B3) From the proof of (B1), we know for u ∈ Zk, ‖u‖ ≤ ρk small enough
ϕ(u) ≥ −
µ
β−
β
β−
k ‖u‖
β−.
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Since βk → 0 and ρk → 0 as k → ∞. And from the above proof, we can
choose ρk > rk > 0.
The proof of (PS)∗c condition. Consider a sequence {unj} ⊂ X such that
nj →∞, unj ∈ Ynj , ϕ(unj)→ c, ϕ|
′
Ynj
(unj)→ 0.
Assume ‖u‖ is big enough, for large n, we have:
Case (1), λ ≥ 0. We have
C ≥ ϕ(unj) = ϕ(unj)−
1
α−
〈ϕ′(unj), unj〉+
1
α−
〈ϕ′(unj), unj〉
≥ C4(
1
p+M
−
1
α−
)‖unj‖
p−m − C‖unj‖
β+ −
1
α−
‖unj‖.
Since α− > p+ ≥ p− > β+, we deduce {unj} is bounded in X .
Case (2), λ < 0. We consider the following inequality to get that {unj} is
bounded in X :
C ≥ ϕ(unj) = ϕ(unj)−
1
α+
〈ϕ′(unj), unj〉+
1
α+
〈ϕ′(unj), unj〉.
Going if necessary to a subsequence, we can assume that unj ⇀ u in X . As
X = ∪njYnj , we can choose vnj ∈ Ynj such that vnj ⇀ u. Hence
lim
nj→∞
ϕ′(unj)(unj − u) = lim
nj→∞
ϕ′(unj)(unj − vnj) + lim
nj→∞
ϕ′(unj)(vnj − u)
= lim
nj→∞
(ϕ|Ynj )
′(unj)(unj − vnj) = 0.
As ϕ′ is of type (S+), we can conclude unj → u. Furthermore, we have
ϕ′(unj) → ϕ
′(u). It remains to prove ϕ′(u) = 0. Take any wk ∈ Yk, for
nj ≥ k
ϕ′(u)wk = (ϕ
′(u)− ϕ′(unj))wk + ϕ
′(unj)wk
= (ϕ′(u)− ϕ′(unj))wk + (ϕ|Ynj )
′(unj)wk.
Let nj →∞ on the right hand side of the above equation, we get ϕ
′(u)wk =
0, ∀wk ∈ Yk, which implies ϕ
′(u) = 0. This shows ϕ satisfies the (PS)∗c
condition for every c ∈ R. 
Remark 3.10. We could extend all our results directly to the multi
p(x)−Laplacian case to consider the following (p1(x), p2(x), ..., pn(x))-Laplace
equation
(Pn)
{
−
∑n
j=1∆pj(x)u+ aj(x)|u|
pj(x)−2u = f(x, u), in Ω;
|∇u|p1(x)−2 ∂u
∂ν
+ ...+ |∇u|pn(x)−2 ∂u
∂ν
= µg(x, u), on ∂Ω.
where aj(x) ≥ δ > 0 are smooth functions and δ a positive real numbers.
With slight elaboration and necessary preparation, we hope to deal with
cases where some aj(x) touches zero with positive zero level set.
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